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Q1

a) Consider a system with the potential energy function:

floy) =x*—4x?y + y*
(i) Find the stationary points of the potential energy surface f(x,y), by solving

for the points where the gradient of f(x, y)vanishes.

(i) Determine the stability of each stationary point using the second derivative
test. State whether the points are stable (local minima), unstable (local
maxima), or saddle points.

(10 marks)

b) A production supervisor wants to investigate whether the type of machine used
(Machine A, Machine B, Machine C) is related to the quality of the output
(Acceptable, Defective). A random sample of 240 products was taken, and the
results are summarized below:

Machine Acceptable Defective Total

Type

Machine A 60 20 80

Machine B 50 30 80

Machine C 40 40 80
Total 150 90 240

Use a Chi-squared test (752) at the 5% level of significance to determine
whether the type of machine and the quality of the output are associated.

Q2.

o 71
a) Flnd(l)L {52—16

o

25+5 }
s244s5-5

(15 marks)

Total 25 marks

(20 marks)

Q2. Continues over the page
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Q2 continued.....

b) In a vibration damping analysis, the displacement response of a system is
modelled by the function:

x(t) = e 3tcos(4t)

To analyse the system in the Laplace domain (for control system design or
dynamic simulation), determine the Laplace transform of the response.

Using the standard second-order step response formulas, calculate the
displacement x(t) att =0.1s,0.2 5,0.3 s, and 0.4 s. Present the results in a
table, and briefly comment on the damping effect observed in the motion.

(15 marks)

Total 25 marks

Q3.

a) A robotic arm used in an automated manufacturing system consists of three
interconnected joints, each contributing to the overall flexibility and response of
the arm. The dynamic behaviour of the arm under small oscillations is modelled
using the following stiffness matrix [K], which accounts for the joint flexibility and
coupling effects

[K]=[1-4-2031124]

To evaluate the natural frequencies and mode shapes of the system, determine

the eigenvalues and eigenvectors of the stiffness matrix [K].
(25 marks)

Please turn the page
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Q4.

a) In a structural component subjected to a combined mechanical and thermal
load, the stress potential function z (in MPa) at any point within the component
is described by the following equation:

z = 4x%y3 — 2x3 + 7y?
where x and y represent the local coordinates (in cm) measured along the
length and height of the component, respectively. Determine the following
2 62 2

oz otz 0Pz 9’z
dx? (i) dy? (i) 0x0y () dyox

second-order partial derivatives of (i)

(15 marks)

b) The radius of a right cylinder is increasing at a rate of 8 mm/s and the height is
decreasing at a rate of 15 mm/s. Find the rate at which the volume is changing

in cm3/s when the radius is 40 mm and the height is 150 mm.
(20 marks)

Total 25 marks

Q5.

An engineer is studying the displacement of a mechanical component governed
by the equation:
3x2—10x+7=0

Using Newton’s method, determine the positive root of this quadratic equation,
correct to 3 significant figures, which represents the point of maximum
displacement.

(Hint: Newton's method is given by the iteration formula:

f(xn)

xn+1 = xn _f/(x )
n

where f(x) = 3x? — 10x + 7and f'(x) = 6x — 10.)
After finding the root using Newton’s method, verify the result by solving the
equation using the quadratic formula.

Total 25 marks
End of Questions
Please turn the page for formula sheet
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Laplace transforms table

A1) F(s) J() F(s)
1 l Hr.“) E’_
5 5
{ i o(f) 1
5
n! .
t" — a(t—c) e
§
af I' (]
e P S(@) sF(s)=f(0)
. n! ,
t"e" (s—a)™ S 5" F(s) = s/(0) = f10)
cos bt > j-bl =" (1) F"(s)
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Inverse Laplace transforms table

1!
cee 5
(viii) sy t
a
(IX) ﬂ sinh at

k
(ii) — k S

s (x) ) cosh at
(i) ! edt !

: i ar ¢n

s—a (Xl) m et
. ) a . t
v T sina (0]
( 52 + 32 (Xii) ()ﬁ e‘“ sinwt

s—a (0]
S

- Ss—a
(V) 52 + az cos at (Xlll) m eat cos mi

1 )
(Vi) - t (XiV) m e"t sinhwt

S s—a)y—w

2! =4 at

i = XV — e?' coshwt
(vii) 3 & (xv) (s—a)t —a?

Maxima / Minima

z= f(xy)
Stationary Points
0z 0 0z 0
ox ' 9y

- 2 A A

{3'22 GZZ GZZ
A= -~ - ~ .2 ~ 2

cXoy X cy

if A > 0 then the stationary point is a
saddle point.

2

0
if A<0and 8_; <0, then the stationary

point is a maximum point,
2

d
if A <0 and 3_); > 0, then the stationary

point is a minimum point.
Please turn the page
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Partial Fractions

f(x) A B C
(x+a)(x—b)(x+c)_(x+a)+(x—b)+(x+c)

f(x)y A B C
(x+a) (x+a) (x+a)2-|_(x+a)3

f(x) _ Ax + B N C
(ax2+bx+c)(x+d) (ax?+bx+c¢) x+d

Eigenvalues
|A—Al| =0

Eigenvectors

(A= 2,.Dx, =0

Total differential, rates of change and small changes

07 07 07
dz= du+ dv + dw e
ou ov Jw

dz 0z du 0z dv 0z dw

-— <+ - +
df du df v df ow df

Please turn the page
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Newton—Raphson Iterations Method

_ f(xn)
xn+1 - le _f[(x )
n
Approximate Relative Error

Xpiq — X
e, =] T 1% 100%
Xn+1
Quadratic Formula
For ax? + bx + ¢ = 0:
_-bt Vb2 — 4ac

x 2a

Common Derivatives
Ly = et L ) = ke (6) = 0
dx(x ) = nx ’dx( x) = 'dx(c)_
Volumes of solids.

About X axis

b
V= [ n ¥ dx
of

About Y axis.

~d
V= / T .-12 d‘l’r
Je

Statistics

Chi-square distribution

2 (Of_E,')g
X=2

)

Degrees of freedom = (rows — 1) = (columns — 1)

Please turn the page
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Chi-Scuare Distribution Table

The shaded area is equal to o for 2 — Xi-

END OF PAPER
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1 O.0mn HENNN] [{NA 10 [ARAIRE! (.06 X TOM A.841 hA)24 (.635 T.HTY
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20) 7.434 =_JE) .50 T.8AR1 12.443% AR 412 31.4110) 34170 AT.HAA SO.94U7
21 5.031 R.BO7 10.283 11.591 13.210 29.615 32.671 356.179 38,932 11.101
22 & _A43 ) R4 T0). 0= 12_33% T14.041 &S 330924 H6.TE1 A40) 284 A2 TUE
23 9,260 10,196 11.G689 13.091 14.848 32.007 35.172 38,076 41 .638 44.181
24 O _RK6 T RA6 124N 15 X4% 15 6574 AH.196 26415 A9.364 42 OR1) AR_GRY)
25 10.520 11.524 13.120 11.611 16.173 31.382 37.6H2 A0.61G 11.311 16.928
26 11.160 12.198 13 844 15.379 17.202 35.563 38.885 41.923 45 642 48.290
27 11.808 12.879 11.573 16.151 18.111 36.741 10,113 13.195 16.963 19.615
28 12 461 13.565 15.308 16928 18 939 37.916 41.337 44 461 48 2TR 50.993
29 13.121 11.256 16.017 17.708 19.768 J9.087 12.557 15.722 19.588 52.336
18] 135. 787 14 953 16.71 TE_ 495 A ALY M ARG 43.7T73 46974 Hl).=02 R 6T
10 20,707 22,164 241.133 26.509 29.001 51.805 55.7H8 59.342 63.691 B6.T66
50 27.991 20.707 32.357 34.764 37.6890 G3.167 67.505 71.420 T6.154 79.490
(&0 35.034 47.485 40). 482 43.188 4G.459 T4.397 T9.082 H3.208 88.379 91.952
70 43 275 45 442 48 758 51.739 55.320 85527 90.531 95.023 100.425 104.213
=() R1.172 RA_540) R7.153 G391 4 27TH UR_RTH T01.87T4 T G20 1122334 116.321
a0 50,196 61.754 65.647 69,126 73.201 107.565 113.145 118,136 124,116 128,299
100 67.328 70065 74.222 T7.929 532,358 118,408 124,342 129.561 135.807 140,169




