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Q1 

a) Consider a system with the potential energy function: 

𝑓(𝑥, 𝑦) = 𝑥4 − 4𝑥2𝑦 + 𝑦4 
(i) Find the stationary points of the potential energy surface 𝑓(𝑥, 𝑦), by solving 

for the points where the gradient of 𝑓(𝑥, 𝑦)vanishes. 

(ii) Determine the stability of each stationary point using the second derivative 

test. State whether the points are stable (local minima), unstable (local 

maxima), or saddle points. 

(10 marks) 

 

b) A production supervisor wants to investigate whether the type of machine used 

(Machine A, Machine B, Machine C) is related to the quality of the output 

(Acceptable, Defective). A random sample of 240 products was taken, and the 

results are summarized below: 

 
 
  

 

 

 

 

Use a Chi-squared test (
2 ) at the 5% level of significance to determine 

whether the type of machine and the quality of the output are associated. 

          
(15 marks) 

           
Total 25 marks 

 
 

 
Q2.      

a) Find (i) 𝐿−1 {
4𝑠

𝑠2−16
}  (ii) 𝐿−1 {

2𝑠+5

𝑠2+4𝑠−5
}  

               
(10  marks)  

 
 
 
 
 

Q2. Continues over the page 

Machine 
Type 

Acceptable Defective Total 

Machine A 60 20 80 

Machine B 50 30 80 

Machine C 40 40 80 

Total 150 90 240 
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Q2 continued….. 
 

 
b) In a vibration damping analysis, the displacement response of a system is 

modelled by the function: 

𝑥(𝑡) = 𝑒−3𝑡𝑐𝑜𝑠(4𝑡) 
 
To analyse the system in the Laplace domain (for control system design or 
dynamic simulation), determine the Laplace transform of the response. 
 

 
 

 
Using the standard second-order step response formulas, calculate the 
displacement 𝑥(𝑡) at 𝑡 = 0.1 s, 0.2 s, 0.3 s, and 0.4 s. Present the results in a 
table, and briefly comment on the damping effect observed in the motion. 
                          

 (15 marks)  
    

Total 25 marks 
 

 
Q3.  

a) A robotic arm used in an automated manufacturing system consists of three 

interconnected joints, each contributing to the overall flexibility and response of 

the arm. The dynamic behaviour of the arm under small oscillations is modelled 

using the following stiffness matrix [K], which accounts for the joint flexibility and 

coupling effects 

[𝐾] = [1 − 4 − 2 0 3 1 1 2 4 ] 
 

To evaluate the natural frequencies and mode shapes of the system, determine 

the eigenvalues and eigenvectors of the stiffness matrix [𝐾].  

(25 marks)  
 
 
 
 
 
 
 
 
 

Please turn the page 
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Q4. 

a) In a structural component subjected to a combined mechanical and thermal 

load, the stress potential function 𝑧 (in MPa) at any point within the component 

is described by the following equation:  

𝑧 = 4𝑥2𝑦3 − 2𝑥3 + 7𝑦2 
where 𝑥 and 𝑦 represent the local coordinates (in cm) measured along the 

length and height of the component, respectively. Determine the following 

second-order partial derivatives of (i) 
𝜕

2𝑧

𝜕𝑥2  (ii) 
𝜕

2𝑧

𝜕𝑦2  (iii)  
𝜕

2𝑧

𝜕𝑥𝜕𝑦
  (iv)  

𝜕
2𝑧

𝜕𝑦𝜕𝑥
                                                 

      

     (15 marks) 

 

b) The radius of a right cylinder is increasing at a rate of 8 mm/s and the height is 

decreasing at a rate of 15 mm/s. Find the rate at which the volume is changing 

in cm3/s when the radius is 40 mm and the height is 150 mm.  

(10 marks) 

    
                                                     Total 25 marks 

Q5.  
An engineer is studying the displacement of a mechanical component governed 

by the equation: 

3𝑥2 − 10𝑥 + 7 = 0 
 

Using Newton’s method, determine the positive root of this quadratic equation, 

correct to 3 significant figures, which represents the point of maximum 

displacement. 

(Hint: Newton's method is given by the iteration formula: 

 

𝑥𝑛+1 = 𝑥𝑛 −
𝑓(𝑥𝑛)

𝑓′(𝑥𝑛)
 

 
where 𝑓(𝑥) = 3𝑥2 − 10𝑥 + 7and 𝑓′(𝑥) = 6𝑥 − 10.) 

After finding the root using Newton’s method, verify the result by solving the 

equation using the quadratic formula. 

                                                                 

      Total 25 marks 
End of Questions 

Please turn the page for formula sheet 
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Laplace transforms table 
  

 
 
 
 
 
 
 
 
 
 
 
 
 

Please turn the page 
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Inverse Laplace transforms table 
 

Maxima / Minima 
 

𝑧 =  𝑓(𝑥, 𝑦) 
 
Stationary Points 

𝜕𝑧

𝜕𝑥
= 0,  

𝜕𝑧

𝜕𝑦
= 0 

 
 

 

 

 
Please turn the page 
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Partial Fractions 
 

𝑓(𝑥)

(𝑥 + 𝑎)(𝑥 − 𝑏)(𝑥 + 𝑐)
=

𝐴

(𝑥 + 𝑎)
+

𝐵

(𝑥 − 𝑏)
+

𝐶

(𝑥 + 𝑐)
 

 
𝑓(𝑥)

(𝑥 + 𝑎)3
=

𝐴

(𝑥 + 𝑎)
+

𝐵

(𝑥 + 𝑎)2
+

𝐶

(𝑥 + 𝑎)3
 

 
𝑓(𝑥)

(𝑎𝑥2 + 𝑏𝑥 + 𝑐)(𝑥 + 𝑑)
=

𝐴𝑥 + 𝐵

(𝑎𝑥2 + 𝑏𝑥 + 𝑐)
+

𝐶

𝑥 + 𝑑
 

 
Eigenvalues 
 

|𝐴 − 𝜆𝛪| = 0 

 
Eigenvectors 
 

(𝐴 − 𝜆𝑟𝛪)𝑥𝑟 = 0 

 
 
Total differential, rates of change and small changes 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Please turn the page 
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Newton–Raphson Iterations Method 
 

𝑥𝑛+1 = 𝑥𝑛 −
𝑓(𝑥𝑛)

𝑓′(𝑥𝑛)
 

Approximate Relative Error 

𝜀𝑎 =∣
𝑥𝑛+1 − 𝑥𝑛

𝑥𝑛+1
∣× 100% 

Quadratic Formula 
 

For 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0: 

𝑥 =
−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
 

Common Derivatives 

𝑑

𝑑𝑥
(𝑥𝑛) = 𝑛𝑥𝑛−1,

𝑑

𝑑𝑥
(𝑘𝑥) = 𝑘,

𝑑

𝑑𝑥
(𝑐) = 0 

 
Volumes of solids. 
 
About X axis 

 
About Y axis. 
 

 
 

Statistics 

Chi-square distribution 
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END OF PAPER 


